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conductivity k1 (W/mK)z= 0
z= z1
heat flux q(x,y,t) (W/m )
conductance h2 (W/m K)




@(uwqr { m94M   5$AX.; 
©pgorvf Jp9rtsvtx { d+opqsvtu hkup9s
z = 0 q(x, y, t) = −k1 ∂T1∂z
z = z1 −k1 ∂T1∂z = −k2
∂T2
∂z
= h1(T1 − T2)
z = z2 −k2 ∂T2∂z = h2(T2 − Tamb)
x = ±∞ T1 = T2 = Tamb
y = ±∞ T1 = T2 = Tamb
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α1 6 × 10−5 m2/s
ceu\hvm { lnxq©3gu5WDrJfVuweu hid
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Abp = 50 cm
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ovu hkmZo
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ÂsuwlnJp { hxysOh"ovx { xqo.hm { u£fihkuwo"py 3hktm)lnpetm©¯gm:fo { uwJm:+uws¬cemZo.huwpqs¬u£f1hvxyhu hu£fx©wuwstmZx { lnpggmZ©L¤
À p { m { m:o.u£fVmZ©d9«  m.h
Ta(x, y, z, t)
xysv
Tb(x, y, z, t)






hku9m©wdq¤ stm¬oxqsm:xqfu©wd§qm { u ¡d hJx@h
T (x, y, z, t) =
Ta + Tb − Tamb
u£f1htmfpq©wrghuwpqspy ,mZ¦Orvxyhuwpqs 40o.p {k{ mZfJp9svguwsthkp
q(x, y, t) = qa(x, y, t) + qb(x, y, t)
 m GJstusvhtm { mZ©wxyhuwqm)hmZlnJm { xyhr { m
wa = Ta − Tamb
«
wb = Tb − Tamb
xysv
w = T − Tamb
«J·m
Jx[qm
w(x, y, z, t) = wa(x, y, z, t) + wb(x, y, z, t)
N7P
 ¦9rJx@huwpqs N7PÂgm GvsvmZfÂhtm { uwsvout©wmpq ´fVrtDm { Dp9fu hkup9s¯¤µ¥h u£fÂxfVuwlnt©m9«Jd9m.hÂ9m { dDp@·1m {  ¡rt©fVhkxyhm.¢
lnmZs9h:¤ ª%m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vxqJm { ¤S@tp { m.¸txql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T (x, y, z, t)




Ta(x, y, z, t− τ)
u£f^hktm)fVp9©rghkup9sop {k{ m:fVDpqsvtust)hkp
qa(x, y, t− τ)
¤
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uwshtm"oZxqfm1pq Jsvxyhr { xy©gxqsv ¡p { o.mZo.p9sO9mZo.huwpqspq Xxqu { 2D47¥¤ "p@·1mqm { «@p9stm'lrvfVh ? mZmusnlnusJhkvx@h
uh"u£fxys¬xyt { p[¸guwlnxyhuwpqs°pq  { mZxq©uhid+M { mZxy©\Dpqrvsvtx { d+opqsvguhuwpqsJfx { m stpqh"m.¸txqo.h©wd°©wustm:x { «glx@hm { u£xy©
oJx { xqo
hkm { uwfVhu£ofON¡m:fVDmZouwxq©©wd<fu©wu£o.pqs%hktm { lxy©^o.p9svgrvo.huweu hid#P~gmDmsJ pqsRhmlnDm { x@hkr { m9«xqsv
Tambu£f'stmZu hktm { rvstu  ¡p { l stp { opqsvfVhkxqs9h:¤
ÂsuwlnJp { hxysOh { p9Jm { hid pq  g µfdgfihkmlf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@x { deuwst­Dp@·m { oxqsJmpqthkxyuwstm:   { p9l®htm+hmlnDm { x@hkr { m { m:fVDpqsJfVmhkpRxRo.pqsJfihxysOhDp@·m { ¤  m.h
rJfgmZstpyhkm
wq(x, y, t)
htm°hmlnDm { x@hkr { m+pqshktm°t©£xystm
z = 0
·tu£ouwfhtm { m:fVDpqsJfVmnhkpRxRvrt¸




0 t < 0
1 t ≥ 0
@vp {
t ≤ 0 « wq u£fsert©w©7¤  tmZs ¡p { t > 0 « wq usvo { m:xqfmZfZ«rvs9hku© { mZx9otusv­x<fVhmZx9gd fihx@hm@xy©wrtmq¤@vrtsvo.huwpqs
wq(x, y, t)
fVrg¨°omZfhp~pqghxyuwshktm´hkmlnDm { x@hr { m { m:fVDpqsJfVm
w(x, y, 0, t)
hkp~xÂhuwlnm.¢¥[x { deuwst
Dp@·1m {
p(t)× q(x, y) ¤Bµ²s gu { m:o
h"xytv©u£oxyhuwpqs+pq ¯hvm)frtDm { JpOfVuhuwpqs { usvouv©m9« w(x, y, 0, t) oZxysJmp9ghkxqusvmZOdxopqseqp9©rthuwpqsHM
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∂t (x, y, t−τ)
uwfBhtm'hkmlnJm { xyhr { m { mZfJp9svfVm1hkpx Dp@·1m {
uwlntrt©£fVm




t → ∞ «guwf1xfuwsOrJfVp9uwp9rghvrgh w(t) ·u hk°hktm~fkxylnm~Jm { uwpgN³fmm0cem:o
huwpqsC6;P.¤, Dm { upggu£oÂDp@·1m {
p(t)
oZxysnJm m.¸g { mZfkfVm:x9f^x)@vpqr { um { fm { um:f«qfpxqf
t → ∞ «yhktm"hkmlnDm { x@hr { m w(t) u£f^Dm { upggu£o'·u hkhktmfkxylnm)Jm { uwpgx9f
p(t)
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 rtvxqlmZ©  f(hvmp { ml oZxysxy©£fVp Jm'm.¸g { mZfkfmZ0uwshktm  xqt©wx9o.m1gpqlxyuws¯¤(ªRm { mZoxq©©Ohktmgm Gvsvu hkup9s
pq 3hktm0rtstuw©wxyhm { xq©  xyv©wx9o.m h { xysvfV ¡p { l 2 g«4.6t«Jy>7 M




cgulnuw©wx { ©wd<·1m°gm GJstm
wq(s) = L{wq(t)}
xysv




«  rtvxqlmZ©  f'hktmp { mZl oxqsDm0· { uhVhkms
w(x, y, 0, s) = s × p(s) × wq(s)
N³ P
µ¥hu£f0fpqlnm.hkulnmZf)m:xqfum { hp { m:xqfpqsR·u hk  xyt©£xqom.¢7h { xysvfV ¡p { lnmZ­¦OrvxqsOhuhuwmZfZ¤9@vp { m¸gxqlnt©m9«¯©wm.hrvf
xqtt©wd+xJp@·1m {





µ²sOhkm { x@hkup9s+u£f"fulnt©wdxnlrt© hkuv©u£oxyhuwpqs ed
1/s
ushktm  xqt©wx9o.m0gp9lnxqus3¤cep
P (s) = L{P (t)} =
p(s)/s
¤  tm)hkmlnJm { xyhr { m { m:fVDpqsJfVm)u£f




w(x, y, 0, τ) dτ
µ¥ 
p(t)
uwf´Jm { uwpggu£o'py XJm { uwpg
t0
·u hk°x)sert©©Dx[qm { xqqm´p9snu hf^Dm { upg\«qhtmZs
P (t)
u£fBJp9rtsvgm:\¤ "mZsvo.m




w(x, y, 0, τ) dτ
«(u£f)Jp9rtsvgm:­hkpOpJ¤cephktm
x[9m { xy9m"py 




t → ∞ ¤
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µ¥h)u£f frg¨°o.uwmsOhÂhkpp9ghkxqus­htmhmZlDm { x@hkr { m { mZfJp9svfVmhpx+Jp9usOh0fVp9r { o.mgu£fkfVuwvx@hkusvx+opqsvfVhkxqsOh
Dp@·1m {
P × H(t) ¤  tmZs¯«v  { pql fvx@hkuwxq©3frtJm { Dp9fuhuwpqs­xysJ Ârvvxylnm© fhvmp { ml «D·moxys¬p9ghkxqushktm)hmZlnJm { xyhr { m~ ¡p { xysed°Dp@·1m { gmsJfVuhid
q(x, y, t)
¤
 tmpqrth©wustmpy ´htmlnm.hvpe<·mrvfmZ­hp+p9ghkxqus<htm  xqt©£xqo.m¢Lh { xqsvfV ¡p { lm:hmlnDm { x@hkr { m ¡p {
xDpquwsOhÂfVp9r { om u£fxqf1 ¡p9©©wp@·"fSM
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  rvfmx  xyt©£xqomÂh { xqsvfV ¡p { l hp { mlnp@qm htm)hkulnm¢¥gm { uw@x@hku9m~uws mZ¦OrvxyhuwpqsEN4P
  xqfkfVrvlm)xguwf ? fpqr { o.m hpno { mZxyhm)xodO©wuwsv { uwoZxy©XfVdelnlnm.h { d°xysJ+rvfm)o.de©uwsv { u£oxy©Xo.pep { guwsvxyhmZf
r, z
  rvfmx  xys ? m©Xh { xqsvfi ¡p { l hkppqghxyuwsxqsp { tusvx { d°tu	WXm { msOhu£xy©\m:¦Orvx@hkup9suws z
  fVp9©9m~htm0p { guwsvx { dgu5WDm { mZsOhu£xy©¯m:¦9rJx@huwpqsuws z
  xytv©dx { m9m { fVm Âxqs ? mZ©Xh { xysvfV ¡p { l
  lx ? m~hktmgu£f ?°{ xqturvf'uws(Gvsvu hkm©wdflnxq©©XhkppqghxyuwsxDpquwsOhÂfVp9r { om








P ×H(t) rtsvu  ¡p { ln©wdq¤  vx@h1uwfZ« q(x, y, t) = H(t)×P/(πa2) usvfu£gmhvm gu£f ? «
q(x, y, t) = 0
pqrghfVu£gm9¤Âfusvo.de©wusJ { u£oxq©opOp { tusvxyhm:f"xysv { mZ©wxyhuwqm0hkmlnJm { xyhr { mq«DmZ¦Orvxyhuwpqs N4P






















i ∈ {1, 2} ¤3ª%mxytv©d+htm  xyt©£xqomÂh { xqsvfi ¡p { l M





xqsv+htm  xys ? m©Xh { xysJfi ¡p { l 2 t«J#4`7
Wi(σ, z, s) =
∫ ∞
0












xqsvJp9rtsvtx { d+opqsvtu hkup9svf'us  xyt©wm94)Jm:o.pqlnm















= h1(W1 − W2)







hkup9s¬py ,htmSG { fVh ? usJpq Bp { gm { 49¤  tm09mstm { xq©¯fVp9©rghkup9s py  N< P'oxqs
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Wi(σ, z, s) = Ai(σ, s)e



















































 vm hkmlnDm { x@hr { m)pqshktm0t©£xystm
z = 0
u£f





× 1 + g
1 − g
 vm)fvx9o.m)@x { uwxqt©m
r
oxysDm { m:o.p@qm { m:edx { mqm { fm  xys ? m©Xh { xqsvfi ¡p { l 2 g«D(4`7
w1(r, 0, s) =
∫ ∞
0








× 1 + g(σ, s)
1 − g(σ, s) dσ
NB;P
 vm~fpq©wrghuwpqs° ¡p { xDpquwsOhfpqr { omÂgu£ffuJx@huwstnxDp@·m {
P ×H(t) oxys+Jm)pqthkxyuwstm:ednhkx ? uwsthtm©wuwluh
a → 0 ¤^Âf lima→0 J1(σa)a = σ2
«t·1m~9m.h
















× 1 + g(σ, s)
1 − g(σ, s) dσ
N 4;4P
µ²sOhkm { x@hkup9s±p@qm { xys us#Gvstuhm usOhkm { [xq© u£fstpyh  { xqo.hu£oxy©7«Âxqsvb·1m%oZxys±hx ? mRxqt[xqsOhkxy9m<pq htm
m¸gJp9stmsOhu£xy©Xhkm { l uws
g(σ, s)





× 1 + g(σ, s)




































   *+&,2  0&,.*2 20#%2
 vmhkmlnDm { x@hr { m ¡p { RJxyh)fpqr { omZf~py 1[x { uwpqrJf fvxyDmZf)uwsRhtmnt©£xystm
z = 0
oZxys<Dmpqthkxyuwstm:­ed




P × H(t) rvstu  ¡p { ln©wd°u£f






















 fVuwsthvmgm Gvsvu hkup9s N44>P´pq 
Φ
«txqsvJm:oxqrvfVm ∫ a









× 1 + g(σ, s)
1 − g(σ, s) dσ
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u£f0rvfm. ¡rt©^xq©wfp ¡p { p9ghkxqustuwsthvmnhmlnDm { x@hkr { mxyh0x9m { hm.¸Rpy 1x { u99h)h { u£xyst9©m
fpqr { omq¤Z@(uwqr { mÂ0gmZtu£o




tuwfkfVuwvxyhuwstx)rtstu ¡p { l Jp@·1m {
P
«hJx@hu£fZ«
q(x, y, t) = H(t) × P/( 12ab)
uwsvfVu£gmhktm°h { u£xysvq©wmq«
q(x, y, t) = 0
pqrghfVu£gmq¤ ª%m°rvfm
Dpq©£x { o.pep { guwsvx@hkmZf
(r, θ)
«ehx ? uwst0qm { hkm.¸
O
x9fBhktmÂp { uwquws¯¤  duws9hkm { xyhuwst N 4:;P,p@9m { hktm"h { u£xysvq©wmq«
·1m)pqghxyuws+hktm)hmZlnJm { xyhr { m0x@h"qm { hkm.¸
0
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u£f rJfVm ¡rt©, ¡p { pqthkxyuwstuwsthtmhmZlnJm { xyhr { m ¡p { Dpq©wdeqp9svxy©Bfpqr { o.m:f¤)@vp { m.¸txylnt©wmq«
hktm~hmZlDm { x@hkr { m uwsvfuwgm0xh { uwxqstq©wm fpqr { om~oZxys+Dm)pqghxyuwstmZ+ed°fVrtDm { Dp9fustnfu ¸ { u9Ohh { u£xyst9©m:f¤
Âp@·mZqm { «[ ¡p { lnpetm©wustJp@·1m { fpqr { o.m:f,pqsx) { pgo.mZfkfp { otuw¯«yhktm { mZo.hkxysvq©wm1u£fBhktm"lnp9fVh^ { xqo.hu£oxy©




gu£fkfVuwvx@hkusv 4Â·'x@hh1rvstu  ¡p { ln©wdq¤  tm
hkmlnDm { x@hr { mx@h^x~qm { hkm.¸pq vhvm { m:o
hkxqstq©wm'oxysDmpqghxyuwstmZedfVrvJm { Dp9fusv hi·1p { uwqOh,h { uwxqstq©wmZf3M
w1W (a, b, s) = wtri(0.5, a, b, s) + wtri(0.5, b, a, s)
 vms¯«~edbfVrtDm { Dp9fust { m:o
hkxqstq©wmZfZ«"·1m%oZxys pqghxyuwsbhvmRhkmlnDm { x@hr { m x@h¬x`DpquwsOh¬usvfu£gm%x






P×H(t)rvstu  ¡p { ln©wdq«'o.mZs9hkm { mZpqshtm¬DpquwsOhpy 0o.pep { guwsvx@hkmZf
(0, 0, 0)
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µ¥h0oxqs­Dm9m { u	Gvm:hvxyh9N4.< Pu£fÂ@xy©wu£<xy©£fp ¡p { Jp9usOhf p9rghkfu£gmhktm { mZo.hkxqstq©wmq¤ "msJo.mq«Xed­frtJm { ¢
Dp9fuhuwpqs¯«guhÂu£f'JpOffuv©m)hkpp9ghkxqushktm)hmZlDm { x@hkr { m)xyhÂxysed°DpquwsOh"pqshtm0v©wxqstm
z = 0
·tmZshtm
Dp@·1m { gmsJfVuhid°lxy¬oxqsDmgm:o.pqlnDp9fmZusOhkpnxnfm.h"pq  { mZo.hkxysvq©wm~fpqr { o.m:f¤





 thkxyuwstuwst°hktmhmlnDm { x@hkr { mnxqf~x ¡rvsvo
hkup9sRpq ^huwlnm { mZ¦Ortu { m:fhkpuwseqm { hÂhktm  xyv©wx9o.mh { xqsvfV ¡p { l¤
µ²s vx { hkuwort©£x { «O·1m0x { m0fVm:x { otusvhvm) ¡rtsvo
hkup9s
h(σ, t)
·tpOfVm  xqt©£xqo.m h { xysJfi ¡p { l u£f
h(σ, s) = L{h(σ, t)} = 1
s × S1(σ, s) × ( 1g(σ,s) − 1)
N¡htu£f' ¡rtsJo
huwpqs u£f'use9pq©wqmZuws+ ¡p { lrt©wx9fAN 4[P1xysv N 4Z P%P
¤
 tm { mm.¸gu£fihf fm9m { xy©3sertlnm { u£oxq©3lnm.hktpgtf  ¡p { uwseqm { hkust  xqt©wx9o.m0h { xqsvfV ¡p { lnf 2546>7¥¤ ª%mrJfVm:
hktm)x[9m { ¢²cehmt ¡mZfVh°lmhtpg 2Ò&67 «"·vuwobDm { lnu hf { mZop@qm { uwst
h(t)
xyt { p[¸guwlnxyhmZ©d`  { p9l
h(s)fkxylnt©wmZ xyhx ¡m· Jp9usOhkfpqs%hvmJpOfVuhuwqm { mZxq©^x@¸guwfZ¤+µ²sJgmm:\«3hktmnhmZlnJm { xyhr { m { m:fVDpqsJfVmhp­x
fVhmZ­Dp@·m { uwf~x+opqsOhuwsertpqrJf«Jstpqsg¢¥Dm { upggu£oy«J ¡rtsvo.huwpqs<pq ,huwlm9«Xtmsvomx )x[qm { ¢icOhmZg ¡mZfVh"lnm.hvpe
u£f)xyt { p9 { u£x@hkmq¤ 1d­o.pqlnvx { u£fpqs¬·uhRxC@tp9r { um { ¢²fVm { uwmZf"lmhtpg< ¡p {  xqt©wx9o.museqm { fuwpqs 2D4.6>7¥«\·m
 ¡p9rtsvhvxyh´x )x[qm { ¢icOhmZg ¡mZfVh(lnmhtpg·u hk4Z~fxqlv©m:f,uwfBfrg¨°o.uwmsOhBusn { xqo.hu£o.m1hp)p9ghkxqus
h(σ, t)·uh¬x { mZxqfpqsJxyt©wm x9oo.r { x9o.dq¤
 tmhkmlnJm { xyhr { mnxqf)x° ¡rvsvo
hkup9s%pq ^huwlnm ¡p { xJp9usOhfVp9r { o.mtuwfkfVuwvxyhuwstxo.p9svfVhkxysOh)Jp@·1m {
P × H(t) u£f)N  ¡p { lrt©wxCN 4:;P%P










'($%)*+$%,!-$%. // &$/ 4:
L−1{Φ(r, s)
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u£fÂhktmo.p9lv©mZlmZsOhkx { d¬m {k{ p {  ¡rvsvo
hkup9s¯¤  vmhkmlnDm { x@hr { mnx@h
hktmomsOhm { pq ´x+gu£f ? fpqr { o.mpq  { x9guwrvf
a
gu£ffuJx@huwst+xo.p9svfihxysOh xqsv¬rtstu ¡p { lJp@·1m {
P × H(t)u£fAN  ¡p { lrt©£xCN4Z PP


























@vp { lrt©£x9NLq;PJm { lnuhkf´pqghxyuwstusv hktm'hmZlnJm { xyhr { m
wtri(P, a, b, t)
x@hBhktm"9m { hm.¸py \x { uwqOhBh { uwxqsg¢
9©m0fpqr { o.m9«txysved+frtDm { JpOfVuhuwpqs¯«
wrec(P, a, b, x, y, t)
¤"©hvpqrt9 N4.6 Pxqsv NLq;P1x { m)m@xy©wrvx@hkmZ
·uh=sOrvlm { u£oxq©  xyt©£xqom¬useqm { fuwpqs±xysv sertlnm { u£oxq©Âuws9hkm { xyhuwpqs usbhtmRqmsvm { xy©ÂoZxqfmq«·1m<oxqs
















«vxq©©¯htmmZstm { qd { mZ©m:xqfmZOd+htm0DpquwsOh fpqr { o.m0fusvom
t = 0
u£f©wpeoZx@hkmZus¬xnvxq©  ^fttm { m
·vp9fm { x9gurJf)uwfxyt { p[¸gulxyhm©wd √
16α1t
¤C@vp { m¸gxqlnt©m9«3u 'htmhktu£o ? svmZfkf0py 1htmfVuw©u£o.p9sgum+uwf
z1 = 0.5 mm
«\xysJ¬hkx ? ust
α1
xqf~uws  xyt©wm°g«\uh hx ? m:f
t = 260 µs
 ¡p { htmhkmlnJm { xyhr { mp9s<hktm
p9tDp9fu hkm fuwgm~py \hktm)fVuw©u£o.p9sguwm hpfVhkx { h1usJo { mZxqfuwst N³f©wp@·©d#P
¤ Âs9hku©Dhktuwf1vxqtDmsvfZ«e ¡p { lrt©£xFN7(4P
u£f'@xy©wuwuws¬xJxy©  ¢¥fttm { m~py  { x9guwrvf
z1
¤
Âp@·±©mhrvf1o.p9svfVu£gm { xDpquwsOhp9shtm t©£xystm
z = 0
xqsv©wm.h1rvfx9ffrtlnm"hkvx@hhtm Jp@·1m { gmsJfVuhid
q(x, y)
u£frtstu ¡p { l xqsvmZ¦Orvxy©Xhkp
q























hkvx@h~hvmh { xqsvfumZs9h~hmZlnJm { xyhr { m ¡p { flxy©w©(huwlm:f)uwf~lxyuwst©wd­x° ¡rvsvo
hkup9sRpq ´©pgoZxy©,Jp@· m { gmZsvfVuhid
xqsv­fu©wu£o.pqsRovx { xqo.hm { u£fihkuwoZf¤ Âhktm { vx { xylnmhm { fZ«v©wu ? mhvmguwmhktuwo ? stm:ff
z1
«Xvx[9mxys­uwlnvxqo.h p9s
hktm)huwlnmgr { usv·vuwo NL9P1u£f'[xq©u£\¤
@(uwqr { mÂftp@·"f,hktm"hkmlnJm { xyhr { mÂxyh^htm~o.mZs9hkm { py 3xgu£f ? fpqr { o.mpq  { x9gurJf
1 mm
gu£ffuwvx@hkust
4·'x@hVh0rtsvu  ¡p { ln©wd¬ ¡p { gu5WXm { msOh0[xq©rvmZf)py 
z1
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z1 = 0.5 mm

z1 = 0.25 mm

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a = 1 mm
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©£x[· NL9P'u£f~xy©£fVp°v©pqhVhm:¬pqs­htm { xyt3¤"ªRmfVmZmhkvx@h htmfVlxy©w©wm {
z1
«Jhktmftp { hkm { hktmhkulnm




@(uwqr { mfVtp@·"f"htmhmZlnJm { xyhr { mxyh hktmomsOhm { pq x+gu£f ? fpqr { ompy  { xqturvf
a = 1 mm
xysv
a = 0.5 mm
·uh°rtsvu  ¡p { l Jp@·1m { gmsvfuhid
1 W/mm2
¤  tm flxy©w©m { htm~gu£f ?{ x9guwrvf«qhtm~fVvp { hm {








p9vfm { [xyhuwpqs·1x9flxqgm<us 2D4.B>7¥¤  tu£fm WXmZo.hopqlnmZfn  { pql$lnpggm©wusv§tmZxyh°qmZstm { x@hkup9s·uhbx
























·'xqffVvp@·s°usH2 y7Xhvxyh·tmZs°hvmÂ·u£ehxysv©wmsvyhpy 3xqpq©wrtlnmÂfpqr { o.mÂuwf1lnp { mhJxysq0huwlnmZf
 { m:x@hkm { hvxqsuhkfhtu£o ? stmZfkf«ehktmfpqr { o.m~JmZvx[qm:f'©u ? m0xt©£xysvx { fVp9r { omq¤
    	   	  
µ¥ t·1m´xqtt©wd~x"opqsvfVhkxqsOh3Jp@·1m { gmsvfuhid
q(x, y)×H(t) «@hktmop {k{ m:fVDpqsvtust1hkmlnJm { xyhr { m wq(x, y, t)p9s+hktm0t©£xystm
z = 0
uwsvo { m:xqfmZf1rtsOhuw© { mZxqovustnxfVhmZx9gd+fVhkxyhm
wq(x, y,∞)
¤
Â© hktpqrt9hmlnDm { x@hkr { m { uwfmZf¦Ortu£o ? ©dx@hnhtm¬Dm9usvstusvv«1u h°lx[dhx ? m¬fm9m { xy©1luwserghm:fnhp
{ mZx9oxh { rtmfVhm:xqgd+fVhkxyhm9«tgmDmsvtustp9s+hktm0lxqfkf'py (htm)tm:x@hÂfus ? ¤
ª%m%fkx[·us cgmZo
hkup9svf`xysv tp@·hp`pqghxyuws
wq(x, y, s) = L{wq(x, y, t)}
¤ ª%mRfkx[·us
cgmZo




¤  vm~fVhm:xqgdfVhkx@hkm"hkmlnJm { xyhr { m oZxysJm
p9ghkxqusvmZOdhkx ? uwst0x~©wx { 9m@xq©rtm' ¡p {
t
«qm9¤ J¤«qfm9m { xy©eertsv { mZvf,py DfmZopqsvvf¤ "p@·1m9m { «ZhktmÂfVhm:xqgd
fVhkxyhmhkmlnDm { x@hr { mÂoZxys°xq©wfpDm"pqghxyuwstmZ+gu { mZo.h©wd  { pql hvm  xqt©£xqo.m'h { xqsvfV ¡p { l ednxytt©wdeusv0htm
GJsvxy©¢7@xq©rtm~hktmp { mZl 2546g«vy7 M
lim
t→∞
wq(x, y, t) = lim
s→0
s × wq(x, y, s)











«tpqthkxyuwstm:+·uh ¡p { lrv©wxN 4[Prvfusvhktm
Jx { xylnm.hkm { @xy©wrtmZfÂus  xyv©mt¤ÂfÂoZxys¬DmpqJfVm { 9mZ\«
Φ(r, 0)
@xqstuwftm:f ¡p {
r > 40 cm
¤µ¥h lm:xysvf
hkvx@h0fpqr { o.m:fÂx@h)xtuwfVhkxqsvo.m { mZx@hkm { hvxqs
40 cm
  { pql x°9u9ms­DpquwsOh~vx[9mxy©wlnp9fVh stpuws(RvrtmZsvo.m
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h~pqs¬hktmfVhm:xqgdO¢²fihx@hkm0hmZlDm { x@hkr { mq¤Âª%mx9ffrtlnmhkvx@h
hktmnvxqfm.¢¥t©£x@hkmu£f0f¦Orvx { m9«Xxqsv<hvxyh~hktmotuw<u£f)©pgoxyhm:<x@h~hvmnomsOhm { py ´hktmnvxqfm.¢¥t©£x@hkmq¤  tm
lnpggmZ©Opq T@(u9r { m4oZxysDm { mGvstmZOd0opqsvfuwtm { ust"hvxyhhktm´hi·1pÂ©£x[dqm { fx { m´gmZ©uwlnu hkmZOd)uwsvfrt©wxyhm:
·'xy©w©£f0x@h
x = ±L/2 xysv y = ±L/2 « L Dmuwst hktm°vx9fVm¢7t©£x@hkmn·uwehk¯¤  x ? uwst¬uwsvfVrv©wxyhmZ%·'xy©w©wfu£fxno.p9llnp9sx9ffrtlnghuwpqs|irvfVhu5GvmZedhvm) ³xqo
h'hkvx@h"tm:x@hmZfkoxqtuwsted+opqseqm:o
hkup9s°h { p9rtqhtm
fu£gmZf'pq hktm)vxqfm.¢¥t©£x@hm)u£f'stm9©uwquwt©wm0o.pqlnvx { m:°hkphvxyh"mZfkoxyvusth { p9rtqhtm)hkpq¬fuwgm9¤
 tm ulnvx9o
h1py \©wxyhm { xq©vuwsvfVrv©wxyhmZn·'xy©w©£f´oxqsJmÂhkx ? msuwsOhpx9oopqrtsOh´edhtm lmhtpgpq ¯ulxqqmZf
2 g«4[7¥¤ @(u9r { mA<nuw©©wrvfVh { x@hkmZf1hvm0 { uwsvout©wmq¤  tm0t©£xystm
z = 0
uwf1hku©wmZ ·uh
L × L fk¦Orvx { mZfZ¤  tmovu¯«Ogu£ffuJx@huwst0Dp@·m {
P
«qu£f´xyh^hvmÂo.mZs9hkm { pq \pqstmpq DhktmÂfk¦Orvx { mZf { m { mZfmsOhkust~hktmÂo.p9tDm { Jxqfm
v©wxyhmq¤µ²lnxqqm:f~x { mJp9usOhfpqr { o.m:f gu£fkfVuwvx@hkusv°hvmnfkxylnmJp@·1m {
P
xqsv­v©wx9o.mZRx@h~htmomsOhm { pq 
m:xqo py 1hvm+pyhktm { f¦Orvx { m:f¤  dRrvfust­xqsus#Gvstuhm°sertlJm { py uwlxyqm:f«·m°o { m:x@hkm°x¬fVdelnlnm.h { d
hkvx@h0lx ? mZfÂhtmvmZx@h Rvrg¸RqmZo.hp { xyh
x = ±L/2 xysv y = ±L/2 vx { xq©©wm©hphvm z ¢²x@¸guwfZ«X·tu£ox9o
hkrvxy©w©dfulrt©£x@hm:f1usvfrt©£x@hkmZ°·'xy©w©£f¤  tm~opqsOh { uwtrghuwpqspy x©wulnuhmZ
L
hphtm hmZlDm { x@hkr { m p9s
hktmotuwu£f












ÒÐÒßiÖ á Ó[ßÏß á Ó[ÞÖ)ÞÛDÐÒÏ"Ô





Î[ÐÒßiÙ(ÞÛ á Ó[ßÑ7Ó[ÐÒÎOÚXÕ á ÐÒÝ)Î[ØLÔÑ á ÐÒÑiß á Ó[ß á ßiÏÎyßVØLÔ á Õ[ØLß^ÑiÞ
Ý á Ø³Ð[Õ á ÐÒÞ
Ý)ÛwØ³Þ




Ø³ßVÔ á ßiØÐÒÙ.ßVØ Ü Ñ
ÒÞ
































µ²s­htmZp { dq«thktmfrtlnlx@hkup9s­lrvfVh DmDm {  ¡p { lnmZ p9s­xys­uws(GvstuhmsertlDm { py ^uwlxyqm:f¤µ²s< { x9o
hkuwom
hktpqrvq¯«OquwqmZshtm~vx { xqlmhm { fBpq   xyt©wm~t«9uh1u£f'fVrt¨oumZsOh´hpo.p9svfVu£gm { uwlxyqm:f´xyh1xtuwfVhkxqsvo.m ©m:ff
hkvxys
40 cm
  { pql htm~otuwN³o
 i¤\@(uwqr { m P.¤  tm"@xy©wrtm










Abp = 7 cm
¤,ÂfoZxysJm)p9vfVm { 9mZ\«Ouhhkx ? mZf1fVmZqm { xq©XfmZopqsvvf^ ¡p { htm)m WXmZo.hpy 3hktm)©uwlnu hkmZ
vmZx@h"fus ? ·uwghhp°fVhkx { huws(RvrtmZsvo.uwsthmZlDm { x@hkr { mq«txysJ+uhhkx ? mZf'lnp { m hvxqs 4~lnuwserghm)hkp { mZx9o
xnfVhm:xqgd+fVhkxyhm9¤  s+hktuwf"m.¸txylnt©wmq«
∆w(1,∞) ≈ 0.3 K/W ¤ª%m~x { mÂstpyhx[·1x { mpq 3xysedo.p9sO9msOhuwpqsJxy©tsvxqlnm" ¡p { ¦OrvxysOhku hid








∆w(1,∞) «O·tuwolnp9fVh©wdovx { x9o






∆w(1,∞) hx ? mZf'uws9hkp°xqoZo.pqrvs9hstpqh"pqst©wdhktmo.p9svgrvo.hkxqsvo.m
h2
xysJ°hktm0vxqfm.¢¥t©£x@hkm ·u£eh3«vtrghÂxq©wfphtm0vx9fVm¢7v©wxyhm htu£o ? stmZfkfxysvhktm { lxy©¯o.p9svgrvo.huweu hid9¤
   &,n*´	&,2¯#%2
      
@ { p9l cemZo.huwpqsENL;P.«Ou 
wq(x, y, t)
u£fhtm hmZlnJm { xyhr { m { mZfDpqsvfmhpnxDp@·1m {
H(t)q(x, y)
«ehtmZs+hktm

















(x, y, τ) dτ
µ²s vx { hkuwort©£x { «9hktm { mZfJp9svfVm hp°xnopqlnt©wm.¸fu9svxy©






















@(u9r { mS6TM ^xy©wrtm)py  |Φ(r, i2πf)| x9fx ¡rtsvo
hkup9s py  r  ¡p { gu5WXm { msOh"@xy©wrtmZf'pq  f N¡uwsvm { h%8P.¤






(x, y, τ) dτ
 f
t → ∞ «ehktmfihkmZx9gdO¢¥fVhkxyhm)JmZvx[eup { uwf
w(x, y, t) ∼ ei2πft ×F(f) NL9P




= i2πf × wq(x, y, i2πf)
NL<;P
 m©£x@huwpqs NL9PfVtp@·"f´hJx@h'htm hmZlnJm { xyhr { m { mZfDpqsvfmÂhkpxfuservfpqu£Dp@·m { opqseqm { 9mZf,hkpxfuserg¢
fpqu£ N hktm { mZxq©xqsv¬uwlnxqquwsvx { d+Jx { hkfpq 
w(x, y, t)
o.pqse9m { qm { m:fVDmZo.huwqmZ©dhp+htm { mZxq©3xysJ¬ulxqy¢
uwsvx { d­Jx { hkf0pq 
ei2πft × F(f) P
¤  tmlnpggrt©wrvfpq  F(f) u£f)hvm+xylnt©wu hkrvgmpq 1hktmnhmZlnJm { xyhr { mpOfou©w©£x@huwpqs3¤
µ²s­pqhtm { ·1p { tfZ«vu 
wq(x, y, s)
u£fhktm  xyt©£xqom0h { xysJfi ¡p { l py BhvmhmZlnJm { xyhr { m { mZfJp9svfVmhp+x
fVhmZ<Dp@·m {
H(t) × q(x, y) «¯hktmfVhm:xqgdO¢²fihx@hkm  { mZ¦OrtmZsvo.d { mZfJp9svfmoxqs<DmnpqghxyuwstmZ<Od­fm.hhuwst
s = i2πf
uws
s × wq(x, y, s)
¤ @tp { m.¸txylnt©wmq«1  { pql N4Z P
«htm<xqlnt©uhrJgm¬py ~htm hkmlnDm { x@hr { m
pOfou©w©£x@huwpqsqmZstm { x@hkmZOdxDpquwsOhÂfVp9r { o.m)guwfkfuvxyhuwstxJp@·1m {
P × H(t)ei2πft uwf
|i2πf × w1(r, 0, i2πf)| =
P
2πk1r
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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hkmlnDm { x@hr { m1p9fko.uw©©£x@hkup9su£f { x9o
hu£oxq©©wd0sert©w©L¤:@tp { m¸gxqlnt©m9«yuws @(u9r { m36v«[  { m:¦9rvmsvoum:f { m:x@hkm { hvxqs
1000 Hz
x { m)Gv©hm { m:­pqrth)xyh~xguwfVhkxqsvo.m { mZxyhm { hvxqs
1 mm
  { pqlhktmDpquwsOh)fpqr { omq¤)o
hrJxy©w©d9«
 ¡p {
f > 100 Hz
«9htmSG { fVh1hkm { l uws N 4:;P1gpqlnuwsvx@hkmZfZ«txysv·1m~Jx[qm






¤  tmhkmlnJm { xyhr { mp9fko.uw©©£x@hkup9sRgm:o { mZxqfmZf m.¸gDpy¢







       	        	   	  
µ²s x§lnuwo { p9 { peomZfkfVp { «x`Jm { uwpgguwo<Jp@·1m { uwflnp { m<©wu ? m©wdhp { mZfmlt©wm<x`fk¦Orvx { m­·'x[qm¬hkvxys=x
fuwsOrJfVp9uw\¤ "mZsvo.m)uh1u£f'uws9hkm { mZfVhuwsthkpfVhrJgdhvm~oZxqfm pq xDp@·1m { hvxyh1u£f1Jm { uwpgguwoZxy©w©dp9sxqsv°pW(¤




htmnhkmlnJm { xyhr { m { mZfJp9svfVm
hkp°xfihkm Dp@·m {
q(x, y)H(t)




γ ∈ [0, 1] M




H(t − nτ) − H(t − nτ − γτ)
)
 Jx@h"u£f«gDp@·m { uwfÂfVrvoZo.m:ffu9m©wdpqs xysvpW­ ¡p {
γτ
xqsv
(1 − γ)τ { mZfJm:o







































(1−γ)wq(xo, yo, t−nτ)+γwq(xo, yo, t−(n+1)τ)−wq(xo, yo, t−(n+γ)τ)
) N7&B;P




N¡u7¤ m9¤«9htm p9fko.uw©©£x@hkup9sn  { m:¦Ortmsvodu£f { mZx@hkm { hkvxysH4Zq9  8P.«










 m.h rJf x9ffrtlnm0hJx@h Dp@·1m { gmZsvfu hid
q(x, y)
u£f"rvstu  ¡p { l xqsv mZ¦Orvxq©3hkp
qo




¤  tm  { m:¦9rvmsvod { m:fVDpqsvfm+u£fn { xqo.hu£oxy©w©wdRhkvx@hp9ghkxqustm:§·uh























t − (n + γ)τ
)
 vm~lxy¸euwlrvl py htm0pOfou©w©£x@huwpqspgoor { f'xyhhuwlm:f

































(1 − γ)√γ +
m∑
n=1
[(1 − γ)√n + γ + γ
√




 x ? uwst
m → ∞ «v·m)pqthkxyuws
∞∑
n=1
[(1 − γ)√n + γ + γ
√





1 + γ + γ
√

















 fVuwstÂhtm  x[de©wp { fVm { uwmZf(xyt { p[¸guwlnxyhuwpqs √























γ + (1 − γ)
√
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γ(1 − γ)(1 −√γ) N³9;P
 vm~lnuwstuwlrtlpy htm0pOfou©w©wxyhuwpqsoxys Dm) ¡pqrtsJ+edxnfulnuw©wx { o.p9lvrghkxyhuwpqs¯¤BÂf








1 − γ −
√









·vuwouwfÂxsvm9xyhuwqm~sertlDm { ¤  tm0xylnt©wu hkrvgm0pq hktm0p9fko.uw©©£x@hkup9sx9f
m → ∞ u£f







γ + (1 − γ)
√




 { pqrvqtm { xqt { p[¸euwlx@hkup9s+u£f







γ(1 − γ) N³#4>P
   !$# .2
@vp { lrt©£xqfuws { mZOuwpqrJf1fmZo.huwpqsvf'oZxysJm)rvfmZ+hp { mZxqfpqsxyDpqrgh'hmZlnJm { xyhr { m)uslnuwo { p9 { pgomZfkfVp { fZ¤
 vmd­oxqsRxq©wfpDmnulnt©wmlnmZs9hkmZRus xJm {  ¡p { lxysJo.m[¶@Jp@·1m { lnuwo { pOx { otu hkmZo.hr { mfulrt©wxyhp { ¤  vuwf
fmZo.huwpqs { p@Ou£gm:f´hi·1pnm.¸txylnt©wmZf'uw©w©rvfVh { x@hkusvhktmZfm)JpOffuwt©m)rvfmZfZ¤
     	  
	 
   	    

   

 m.hrvfopqsvfu£gm { x¬ { pgo.mZfkfp { ·uh
N







guwfkfuvxyhm:fx%rtsvu  ¡p { l hkulnm¢¥x[9m { xyqm+Jp@·1m {
Pi
¤ @tp { fVuwlnt©u£o.uhidq«·m stmZq©wmZo.hhktm Jp@·1m {
tuwfkfVuwvxyhmZ+pqrghfVu£gm)o.p { m:f«Omq¤ v¤w«gfVvx { m:°ox9otmZf1xysJ°trvfmZfZ¤\@ { pql hktm  { uwsvo.uwt©wm pq frtJm { Dp9fuhuwpqs¯«












u£fhvmfihkmZx9gdO¢¥fVhkxyhm { m©£x@huwqm~hkmlnJm { xyhr { muws­o.p { m
i








i 6= j «Dx { m0svpyhÂhkpep+o.©wp9fm0hp+mZxqo¬pqhtm { « wij oxys¬Dmxqt { p[¸gulx@hkmZ xqf"htmhkmlnDm { x@hr { m9mstm { xyhmZRedRx DpquwsOhfVp9r { o.mnqmZstm { x@hkust 4·'x@hhxysv%©wpeoZx@hkmZ%us§op { m
j
¤ "mZsvo.m
  { pql hvmÂ { usJo.uwt©m py  { mZo.uw { pgo.uhid ¡p { Dpquws9h'fVp9r { o.mZf"N³fmm ÂtDmsvgu¸°P.«O·1m"vx[9mÂxyv { p[¸guwlx@hmZ©d
wij = wji

















ª%mfkx[dnhvxyhÂo.p { mZf'x { m 






















«,lnmZx9fVr { mZ%uws ? mZ©euwsvf
¶[·'x@hVh:«u£fopqlnlnpqst©wd oxy©w©wmZ '(
   





 & ¤  tm { lxy©Bm:¦Ortu@xq©mZsvo.mpq 'op { mZf)uwlv©uwmZfhvxyh·tms hktm°fxqlnmJp@·1m { u£fxyvt©uwmZ%p9s
m:xqoop { mq«[hktmd0vx[9m^hktmfxqlmhmZlnJm { xyhr { mq¤µ¥hBxq©wfpÂuwlnt©wum:f3hkvx@h^xq©©Ohvm { p@·"f¯pq vhktm1fdelnlmh { uwo
lxyh { u ¸
(wij)





frg¨°o.uwmsOh'hpp9ghkxqushvmfihkmZxqtd9¢²fVhkx@hkmÂhkmlnDm { x@hr { m)pqs m:xqoop { mq¤
µ¥h´ftpqrv©wDmstpyhkmZhvxyh { mZ©wxyhuwpqsCN³q P,oxqsDmqmZstm { xy©wu58ZmZhp0x)stp9sg¢7rvstu  ¡p { l Jp@·1m {  { p@euwgm:























µ¥ 3Dp@·1m { u£f´svpqsg¢¥rtstu ¡p { l hktpqrvq¯«OhmZlnJm { xyhr { m"u£f´stp9sg¢¥rtstu ¡p { l x9f^·1m©w©L¤  tm Jm:x ? hmZlDm { x@¢
hkr { m~u£ftuwqvm { hvxqshtmfvx@hkuwxq© ¢²x[qm { xqqm'hkmlnJm { xyhr { mq¤^ Dp9fkfut©wm0fVp9©rthuwpqs ¡p { lnusvulnuD8uwstnhtm
DmZx ? hmlnDm { x@hkr { m uwf´hplnu { xyhmhk { m:xqtf1fp0hvxyh1m:xqo+op { mfVmZmZf	"xq©©Jh { m:xqtf´Jm { uwpgguwoZxy©w©d9¤\@tp {
m¸txylnt©wmq«vDm { uwpetuwoZxy©w©d9«v·1moxys¬lnuw { x@hkmxy©w©¯h { m:xqtf"xyhÂpqsJo.m0uws­x°o.u { ort©£x {  ³x9fVtuwpqs Mhtmh { mZx9
hkvx@h)·'xqf { rtstsvustpqsRo.p { m 4qpemZfÂhpo.p { mng«Dhtmh { m:xq¬ { meuwpqrvf©wdp9sRo.p { m°9pOm:fhkpop { mt«
xqsvfVpnpqs3¤
µ¥ '·mnlnuw { x@hm  { mZ¦OrtmZs9hk©d<mstp9rtq¯«¯htmxylnt©wuhrvgmpq hktmhmZlDm { x@hkr { mpOfou©w©£x@huwpqs%pqs%mZx9o
op { mu£f"stmZq©wu9ut©wm NLo
 i¤0cemZo.huwpqsH6 Pxysv¬hmlnDm { x@hkr { muwf xy©w·1x[dgf"o©pOfVmhp+uhkfÂhuwlnm.¢²x[qm { xqqm)@xy©wrtmq¤
  { m:xqluw { x@hkup9svf1lx ? m~Dp@·m { «gtmZsvo.m~hkmlnJm { xyhr { mq«grvstu  ¡p { l ¤
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BßÕ[Ð Ô
ÒßVÝ:ÑVßÞÛ´ÑVÞ
Ø³ßiÙ)ÐÒÙ ÔÎ[Î[Ø³Þ ZÐÒÏ"Ô á ß 







OÔÝ[Ö á Ó[ß,Ñ7Ó[ÐÒÎ 
 Ô Ü Þ
Õ á ÐÒÙXØ³ßÔÙLÞ
Ý@Ô
 Ü Ù Ü ÏÏß á Ø³ÐÒÑ
ÚÐ á ÓÂÏÞ
ØLß á Ó@ÔÝ"_1ÑiÞ
Ø³ßVÙ  ßiÝ[Ù7Õ:ØLÐÒÝá Ó[ßiØ³Ï"Ô
@ß	ZÕ[Ð Ô
ÒßiÝ[Ñiß  ß.ßiÝ"ÔÎ[Î[Ø³Þ ZÐÒÏ"Ô á ß 
 Ü ÐÒÙvÏÞ
Ø³ß3ÑiÞ
Ý[Ù á ØLÔÐÒÝ[ÐÒÝ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Ø³ßVÙ 
















@(u9r { mABTM   "!5O  $%O ( !  $,`/  //` !T
 XX'(T  &$` !T  $
I 	 º J³9 º 	 º L  mhrvf0o.p9svfuwgm { htmq¢¥op { movugmZtuwo.hm:Ruws @(u9r { mXBv«3·tm { mnmZx9o
op { mnuwf)lnpggm©wmZx9f0x
3mm
¢²fVu£gmf¦Orvx { mgu£fkfVuwvx@hkusv x rvstu  ¡p { lÁJp@·1m { ¤ ~u9ms%hvm°vx { xylnmhm {
@xq©rtm:f'us  xyt©wmg«txqsvrvfVuwstX@tp { lrt©£xN4.<;P.«t·1m~p9ghkxqus N³o. i¤´cemZo.huwpqs+<t¤ÒP
w11 ≈ 2.63 K/W
w12 ≈ 0.44 K/W







w1j ≈ 0.98 K/W
µ¥hftp9rt©wRDmstpyhkmZRhvxyh@xy©wrtmZf
wij
hx ? muwsOhp¬xqoZo.p9rtsOh~hktm°o.p9sOh { utrthuwpqs
∆w(1,∞)   { pql hktmGJstu hkm0tmZxyh"fVuws ? ·u£ehk¯«t·tu£ou£f
0.3 K/W
tm { mXN³o. i¤´cemZo.huwpqs<&P.¤





w11 w12 w13 w14
w12 w11 w14 w13
w13 w14 w11 w12
w14 w13 w12 w11






¤A@tp { uwsvfVhkxysJo.mq«\·1mnoxysRtrgh~htmnlnp9fVh0guwfkfuvxyhuwsth { mZx9tfÂp9sRop { mZf 4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 vm)hmlnDm { x@hkr { m0gu5WXm { msvom~Dm.hi·1mmZs tpyhÂxqsvopq©£ o.p { mZf1m¸gomm:tf
20 K
pqshvuwfm¸txylnt©wmq¤  tm
fvxyhu£xy©¢¥x[9m { xyqm { m©£x@hku9mhmlnDm { x@hkr { m u£f
(69.8 × 2 + 48.1 × 2)/4 ≈ 59 K ¤ @ { pql NLy P.«1xqsvx9ffrtlnuwsthvmDp@·m { o.p9svfVrvlm:¬edlnuw { x@hkup9svf" { uwst9f xstm9©uwquwt©wm0hmZlnJm { xyhr { mopqsOh { uvrghuwpqs¯«
59 K
uwf"htm©p@·1mZfVh"Jm:x ? hmZlDm { x@hkr { m0·moZxys­x9otumZqm0ed+lnuw { x@hkustnhk { mZxqvf¤  vxyhÂuwfZ«thk { mZxq
lnuw { x@hkup9sgm:o { mZxqfmZfhkmlnJm { xyhr { m)ed+xqf'lrvo¬xqf
69.8 − 59 = 10.8 K ¤ tm { m:xqfpqstuwst)xyDp@qm'uwfB ¡p { hktmhuwlnm.¢²x[qm { xqqm1Jp@·1m { xqsvhuwlm¢¥x[9m { xy9m^hmZlnJm { xyhr { mq¤(ª±tms
lnuw { x@hkusthk { m:xqtfZ«g·1m0vx[qm0xhmZlDm { x@hkr { m0p9fko.uw©©£x@hkup9s¯¤BªRm0·'xysOhhktmxylnt©wu hkrvgmpq hktu£fp9fko.uw© ¢
©£x@hkup9s+hkpnJm0lrvo¬fVlxy©w©wm { hvxqshtm0DpyhkmsOhu£xy©XhkmlnJm { xyhr { m0gmZo { m:xqfm)py 
10.8 K
¤




¤  tmhkulnm.¢¥@x { deust0Dp@·1m {
u£fnx f¦Orvx { m¢7·'x[qm·tpOfVmDm { upg
τ
u£fhi·uwomhktmhuwlnmDm.hi·1mmZsopqsvfmZorghuwqmlnu { xyhuwpqsvfZ¤  tm
hkmlnDm { x@hr { mnp9fko.uw©w©wxyhuwpqs<p9s%x op { m
i
uwf0xq©lnp9fVho.p9lv©mhm©wd<gmhm { lnuwstmZ%ed¬hvmJp@·1m { gmZsvfVuhid
pOfou©w©£x@huwpqspqs o.p { m
i




 tmDp@·m { gmZsvfu hid qmZstm { x@hkmZ¬edhvm
20 W
h { mZx9tfÂu£f
qhigh = 20/9 = 2.2 W/mm
2 ¤  tmDp@·1m { gmZsvfVuhid%qmsvm { x@hm:<ed<htm
10 W
hk { mZxqvf0uwf
qlow = 10/9 = 1.1 W/mm
2 ¤ª%m+oxqs rvfVm ¡p { lrt©£x+N³q P'·uh














( k1 × 0.5
2qo
√
γ(1 − γ)(1 −√γ)
)2
≈ 370 µs
Âmsvom~htm0lnuw { x@huwpqsuws9hkm { @xy©¯ftpqrt©£Jm
185 µs
p { ©wmZfkf¤
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 vm Dm {  ¡p { lxysvom pq xhmlnDm { x@hkr { m¢¥opqsvfVh { xyuwstm:n { pgomZfkfVp { gmZJmZsvtf'pqshvm hkmlnDm { x@hr { m~lnmZx@¢




z m {  ¡p { lxysvom[¶@Jp@·1m { lu£o { p9x { ovu hkmZo
hkr { mfulrt©wxyhp { f~qmZstm { xy©w©wdlnpggmZ©BJp@·1m { x@h)hktmn©mZqm©Bpq 
lnu£o { p9x { otuhm:o
hkr { xq©,rtstuhkfZ¤C@(uwqr { m+4Z¬ftp@·"fx¬otuw ©wx[d9pqrghuwsvftu { m:<  { pql htm+µ  À z p@·1m {kz }
Be@;@ «,·tm { m·1m¬fVvp@· htm lxyuwsrtstuhkfZ¤  xqo ? uwst­ ¡r { hvm { uwsg ¡p { lx@huwpqs3«´·1mlnpggm©rvstu hf°xqf
{ mZo.hkxqstq©wm.¢²fVJxyDmZ { m9up9svf·u hk­xrvstu  ¡p { l Jp@·1m { gmZsvfu hid9¤
 m.hrvf'xqfkfVrvlmÂhvxyh·m~vx[qm
N
















 m.h°rvfxqfkfVrvlmhkvx@h+·1m¬vx[9m x`fVuwstq©wmhtm { lxq©ÂfVmZsvfp { ©wpgox@hkmZuws { mZo.hkxqstq©wm
1
N hktuwfgu£forvfi¢
fuwpqs§o.p9rt©£ Jmqmsvm { xy©wu58ZmZ<hp<lrt©huwt©mfVmZsvfp { f,P.¤ª%mgmZstpyhkm
wi(t)
hktm { m©£x@huwqmnhkmlnDm { x@hr { m




¤X@ { pql frtDm { JpOfVuhuwpqs xysJ
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@(uwqr { mX4ZTM    & !-5X O ( !Q5&'(
 3
   X$% 
 #        $   	
 A'( 





 T   &'($% $% !$% / 
S$%&*&
  / *
mm
A'( 
 $/9* ;  $% && $, !-$%`/T






 T ,&$`$% /!T-*ST'( 







 #$%  /) 















(t − τ) dτ N³OP
µ²s { xqo
hkuwomq«eDp@·m { lnpggm©£f1·p {%? ·uhx Gt¸gmZ°huwlnm.¢²fihkm
∆t


















qi(n∆t) × [wi((m − n)∆t) − wi((m − n − 1)∆t)]
N³< P
 ¡p { xqsed~uwsOhmZqm {
m
¤Z@tp { lrt©£x N³;<;P3oxysJm'uws9hkm { xyhmZ)uwsxÂJm {  ¡p { lxqsvo.m@¶[Dp@·m { lnuwo { pOx { otu hkmZo.hr { m
fuwlrt©£x@hkp { ¤^xy©wrtmZf
wi(n∆t)
x { m0opqlntrghkmZ ·uh N 4<;P'xqsv NL@ P'xysv¬oZxys Dmfihkp { mZus­xqs¬x {k{ x[d





 ¡p { x~ ¡m·hmZsvfpy XJp9usOhkfZ«exysvnDm {  ¡p { l x0Dpq©wdestpqlnu£xy©
uwsOhm { Dpq©£x@hkup9s¯«e·tuwo u£f1 ³xqfVhm { ¤
1hmqm { dRhuwlnm.¢²fihkm¯«,·1mopqlntrghkm°hvm°hmZlnJm { xyhr { m°vx9fVm: pqsvx9fihJp@·1m { mZqmZs9hf¤<µ²shtm
9mstm { xq©DoZxqfmq«e·1m)oZxystsvpyh'rvfVmS@:@  ¢7vx9fVm:opqseqp9©rthuwpqshkpfJmZmZe¢¥rt N³;<;P
«gDmZoZxyrvfm~Jp@·1m { m9msOhkf
uwsxhvm { lnxq©©wdO¢¥opqsvfVh { xyuwstm: { pgo.m:ffp { lx[d°gmDmsv+pqs+hmlnDm { x@hkr { m9«gxqfus+htm)m.¸txqlv©m JmZ©p@·0¤
Âp@·mZqm { «\uws% { x9o
hu£o.m9«3uhuwf)Dp9fkfut©wmnhp¬gm:o { mZx9fVmhtm+sOrvlDm { py 'm9msOhkf)·uh ©wu hh©wm©pOff)pq 
x9oor { x9o.d9¤Z@tp { m¸txylnt©wmq«eu  
qi(t)
uwf1xyt { p[¸guwlnxyhmZ©dno.p9svfihxysOh´ ¡p { fm9m { xy©Do.pqsJfVm:o.rghku9m"huwlnm.¢²fihkmvfZ«
uh"u£f'JpOffuv©m~hp°tm Gvstmxnfusvq©wm~Dp@·1m { m9msOh"fVvxqststuwsthtm:fVm)hkulnm¢¥fVhmZvf¤
Â©wfpv«u h0u£f0JpOffuwt©mhkplnm { 9mDp@·m { mqmZsOhkf~hJx@hx { m { mZlpqhmnuws<hkulnmp { uwsfVvx9o.m9¤  m.h0rvf
x9ffrtlnm~hvxyh' ¡p {
n ∈ [n1, n2]
« dwi
dt ((m − n)∆t)
u£fxyv { p[¸guwlx@hmZ©d°opqsvfVhkxqsOhZ¤  tms
n2−1∑
n=n1
qi(n∆t) × [wi((m − n)∆t) − wi((m − n − 1)∆t)] ≈


















hkuwomq«Bx@  hkm { x<o.m { hxyuws huwlnmq«,hvmfmZopqsvgm { uw@x@hku9m°py hktm { mZfDpqsvfm
wi(t)
gm:o { mZxqfmZfus






oZxysJm)hx ? mZsflxy©w©m { ¤  Jx@h"u£f«
x9f'huwlnmuwsvo { mZx9fVm:f«vu hÂu£f"Dp9fkfut©wm0hkp°lnm { qmx©£x { qm { sOrvlDm { pq BvxqfVhÂm9msOhkfZ¤  tu£fÂoxqs¬Jmgpqstm
 { p9 { mZfkfVuwqmZ©d9«Oedo.pqlnvx { uwsthvm0[xq©rvmpy 
[wi((m − n1 − 1)∆t) − wi((m − n1)∆t)]
·uh hkvx@h
pq 
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E
*X 
Â©wfpv«,·tmZs§x Jp@·1m { fpqr { omuwf { mZlpqhmuws§fVJxqo.m9«uhhx ? m:ffpqlnmhuwlnm ¡p {
wi(t)
«
i 6= 1 «hpfVhkx { h'uwsvo { mZx9fVuwstv¤BÂsv+·vms
wi(t)
uwsvo { m:xqfmZfZ«9uhÂgpemZffplrvolp { m)f©p@·©wdhJxys
w1(t)
¤ "mZsvo.m
uh'uwfJpOffuwt©mÂhprvfVm~xgu5WXm { msOhhkulnm¢¥fVhmZ ¡p {1{ mZlnpyhm~fVp9r { o.mZfZ«qp { m:¦Ortu@xq©mZs9hk©d9«qhkplnm { 9m"Jp@·1m {
mZqmZs9hfxqf'gm:fo { uwJm: xyDp@qmq¤
    º J  º K ;L ª%m"xytt©wuwmZusnmZx9orvstu h^pq vhktm z p@·m {z } BO@;@  `hktmJp@·1m { gmZsvfu hkum:f(hvxyh´x { m
uwsvgu£oxyhm:uwsO@(uwqr { m4: N¡htm:fVm'x { m { xqsvgpql sertlJm { fZ«[ ¡p { hvm'fkx ? m´pq Jm.¸txqlv©m>P
¤  vmhkpyhxy©eJp@·1m {
opqsvfrtlnghkup9s¬uwf
39.75, W
¤  vmfmsvfp { u£f"©wpgoxyhmZ¬xyh"hvmo.mZsOhm { py ,hvmuwsvfih { rJo
huwpqs­fmZ¦OrtmZsvo.uwst
rvstu h:¤
ª±uhtp9rghÂxysedo.p9svfVh { xyuws9h1pqshtm~lx@¸guwlrtl { m©£x@hku9m"hkmlnJm { xyhr { mq«Ohktm0fihkmZxqtd9¢²fVhkx@hkm { m©£x@hku9m
hkmlnDm { x@hr { m x@hhtm o.mZsOhm { pq "htm uwsvfVh { rvo




∆w(39.75,∞) ≈ 12 K opqlnm  { pql htm"GvstuhmÂvmZx@h'fVuws ? ·uwgh+xqsv 35+∆w(39.75,∞) =
47 K
opqlnm~  { p9l hvm0usvfVh { rvo.huwpqs fVm:¦9rvmsvoustnrtsvu hÂxq©p9stmq¤
Âp@·b·m~xqfkfVrvlm hJx@h1htm { mZ©wxyhuwqmÂhmlnDm { x@hkr { m~u£f´©wulnuhm:°hkpxlx@¸gulrtl @xy©wrtm pq 
wmax =
40 K
¤ª±tmsnhktm { m©£x@huwqm1hkmlnJm { xyhr { mm.¸tommZvf
wmax




∆t = 10 µs
¤,ª±uhhvuwf'p9sg¢7pW­lnmZovxqstuwfl «Ohtm)hkulnm.¢²x[qm { xqqm"Dp@·1m {




hkup9snpy thkulnmq¤(µ²stuhu£xy©w©d9«@hvm'ovuuwf,xyhhktmxylvumZs9h(hmZlnJm { xyhr { mq«










«1hvm<pqst¢7pW lnmZovxqstu£fVl h { u9qm { f { mDmZxyhm:g©d9«"xysv lnp { m¬  { mZ¦OrtmZsOh©wdx9fhuwlnm<uwsvo { mZx9fVm:f+M
Dp@·1m { opqsvfrtlnghuwpqs°tmZo { mZx9fVm:f«qrtsOhuw©J·1m { mZxqoxfVhm:xqgdnfVhkx@hkmq¤  tmÂfVhm:xqgdO¢²fihx@hkmJp@·1m { pqsnhvuwf
m¸txylnt©wm~u£f
39.75× 40/60.5 ≈ 26 W ¤
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ª%m´Dm©wuwmqm^hvxyhpqr { xyv { pOxqo¯«ZvxqfmZ)p9s0Jp9usOh,fVp9r { omZfZ«Z { uwsvo.uwt©wm^py tfrtDm { JpOfVuhuwpqs¯«@xqsv)lnm.hvpe
pq uwlxyqm:f«g { p@eu£gmZf'xysuws9hkrtuhuwqm0vx9fVu£f1 ¡p {{ mZx9fVp9stusvxyDpqrthhmlnDm { x@hkr { m9¤
Â© hktpqrt9­hktmlnpggmZ©(·'xqfÂ { ulx { uw©d¬gmZqm©wpqDmZ¬ ¡p {~{ m:xqfpqstuwst+xqsv¬9xqusvustrtsvgm { fVhkxqsvguwstv«
xqsvxy©wdOhu£oxq©t ¡p { lrv©wx9f´oxqs+xy©£fpJm~uwlv©mZlmZsOhmZ°usJm {  ¡p { lxysJo.m[¶@Jp@·1m { lnu£o { p9x { otuhm:o
hkr { m"fuwlrg¢
©£x@hkp { f«gx9f'u©w©rJfih { xyhmZuws¬cgmZo
hkup9s+Bt¤Òg¤
 tmxysvxq©dOhkuwoZxy©^ ¡p { lrt©£xqf0Dm { lnu hpqghxyuwstusvR¦Ortu£o ? ©wdRhtmfihkmZxqtd9¢²fVhkx@hkmnhmZlDm { x@hkr { m+p { htm
h { xqsvfumZs9hhmZlDm { x@hkr { m { mZfJp9svfVm9«gx@h1xqsedDpquwsOh1p9s°hktm~tuwfkfVuwvxyhuwstt©£xysvmq¤}©wp9fmZe¢7 ¡p { l xqt { p[¸e¢
uwlx@hkup9svf^©wu ? m)NL9P,p { N³9;PBoZxysDm"rvfmZ ¡p { ¦Ortu£o ? ©wd { m:xqfpqstuwst0xyDpqrgh´htmÂh { xysvfumZsOhBhmlnDm { x@hkr { m
DmJx[Ouwp {  ¡p { ftp { h¯hkulnmZfZ¤ Âhktm { lp { mo.pqlnt©wm.¸  ¡p { lrt©£xqfZ«:©u ? m"N4Z PXp { N4.< P
«@oxqs~Dm´ { p9 { xylnlnmZ
m:xqfu©wdq«gm9¤ J¤«guws<} NLxqf'·1mguwP
«tp { ·u hk xlx@hktmlxyhu£offpy  hi·'x { mq¤
À rv© hku ¢¥©wx[d9m { lnpggm©£f©wu ? m)pqr { f'vx[qm)©wpqstDmmZs rvfVm:hplnpggm©\hktm0h { xqsvfVuwmsOhp { fVhm:xqgdO¢²fihx@hkm
hkmlnDm { x@hr { musuws9hkm { xyhmZ`o.u { ortu hfC254:g« 4y« 4:g« 4.Bg«´e«e«´e«´q7 N¡htm ©wuwfVhuwfstpqhm.¸gvxyrJfihku9mP
¤
 vmZfmlnpggm©£f)gu	WXm { uws­hktmsOrvlDm { py ´©£x[dqm { fZ«Xo.pqsOhxqo
h~Jmhi·mZmsR©wx[d9m { f«DJp9rtsvtx { d¬opqsvguhuwpqsJf«
Dp@·1m { qmZstm { x@hkup9s¯«OhmlnDm { x@hkr { m0gmZJmZsvgmZsvo.m0pq hktm { lxy©\ { pqDm { huwmZfZ«gm.hoy¤
 r { lnpggm©1uwfvx9fVm: pqs`fm9m { xy©1fVuwlnt©u ¡deusvRxqfkfrtlnghuwpqsvfCNLcgmZo
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